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1. SF �

� � � � SF

: , � � �
, WWW,

, P2P,

: , , ,
, ,

� � ,

: , ,

P (k) ∼ k−γ , 2 ≤ γ ≤ 3 � �

� ,
.

A.L. Barabási et al., Physica A, 272, 1999
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� �

GC ,

� � i j
, i 2

�
,

〈ki|i↔ j〉 =
∑

ki

kiP (ki|i↔ j) = 2.

P (ki|i↔ j) = P (i↔ j|ki)P (ki)/P (i↔ j) ,
P (i↔ j|ki) = ki/(N − 1), P (i↔ j) = 〈k〉/(N − 1)

�

,
∑

ki

kiP (ki|i↔ j) =
∑

ki

ki
N − 1

〈k〉

ki

N − 1
P (ki).

, 〈k2〉/〈k〉 = 2. .

R.Cohen et al., Chapter 4, In S. Bornholdt, and H.G. Svchster Eds.

Handbook of Graphs and Networks, 2003, WILEY-VCH. NICT NetSci-Seminar – p.5/45



q ∀P (k)

P̄ (k̄) =
∞

∑

k=k̄

P (k)kCk̄q
k̄(1− q)k−k̄.

GC 〈k̄2〉

〈k̄〉
= 2

�

, :

qc =
1

〈k2〉/〈k〉 − 1
.

SF � �

, 2 < γ < 3
, 〈k2〉 =

∑

k2P (k) ∼
∑

k2−γ →∞, qc → 0:

� � �

R.Cohen et al., PRL 85, 4626-4628, 2000. NICT NetSci-Seminar – p.6/45



� 0
SF � �

SIS k
�

� �

ρ̇k(t) = −ρk(t)+λk(1−ρk(t))Θ(t), sk(t)+ρk(t) = 1.

Θ
def
=

∑

k
kP (k)ρk

〈k〉 , ρ̇k = 0

ρk = λkΘ
1+λkΘ Θ f(Θ) .

∃ρk 6= 0 , df(Θ)
dΘ |Θ=0 ≥ 1 .

, λc ,

λc ≤
〈k〉

〈k2〉
∼

1

ln N
→ 0 (N →∞).

R. P.-Satorras and A. Vespignani, PRE 63, 066117, 2001
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Robust, Yet Vulnerable
SF

�
� �

�

� �

⇒ ,
,

�

!

Z. Dezsö and A.L. Barabási,

PRE 65, 055103, 2002, R. P.-

Satorras and A. Vespignani, PRE

65, 036104, 2002
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Optimal Topology

� �

← 0 < λ < 1→ �
Random (tree) - Pref. (SF) - Forced (star, clique)

min E(λ) = λd + (1 −
λ)ρ,

d
def
=

∑

i<j Dij

nC2

/Dmax,

�
ρ

def
=

∑

i<j aij

nC2

,

k pk� ��� �

H
def
= −

∑n−1
k=1 pk log pk

R.F. i Cancho and R.V. Solé, SantaFe Inst. Working Paper 01-11-

068, 2001
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2. �

� � � � �
,

� � � Non-Poisson !

� � � � � �

Yook, Jeong, Barabási, PNAS 99(21), 2002
NICT NetSci-Seminar – p.10/45
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Y.Hayashi, IPSJ Journal Vol.47, No.3, 2006. NICT NetSci-Seminar – p.11/45



Geographical Constraints

M.T.Gastner and M.E.J.Newman,

Euro.Phys. J. B 49(2), 2006.

→ L

∀P (k) ,
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Geographical Constraints

M.T.Gastner and M.E.J.Newman,

Euro.Phys. J. B 49(2), 2006.

�

� �
→ L

∀P (k) ,

� �
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Effect of Triangles (or Cycles)
3

� �
q∗c =

〈k〉

〈k(k − 1)〉 −
(

1− q∗c
〈k(k−2)〉
〈k〉

)

〈C(k) (k−1)2

2 〉

:
:

:
:

� � � � q∗c > qc,

�

L.Huang et al., Europhys.Lett. 72(1), 2005.
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SF �

• Modulated BA:
Πi ∼ ki × lα,
rand. position
of node

• SF on lattices:
connect within
r = A× k

1/d
i

• Space-filling:
subdivision
of a region
(heterogeneous
dist. of nodes)

Step 0 Step 1 Step 2

initial N0 nodes with m links

pref. attach.

new m links

:

assign a degree k

saturated node

select a node

initial trianglulation add new node

add new node

connect to its 3 nodes
into a chosen triangle

connect to the neighborhoods
in the radius r = A k

(a) BA

(b) SFL

(c) RAN

1/2

Y.Hayashi, IPSJ Journal Vol.47, No.3, 2006.
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Random Apollonian Net
n(k+1, N+1) =

k

N4
n(k,N)+

(

1−
k + 1

N4

)

n(k+1, N)

P (k) ≈ n(k,N)/N ,

k(P (k + 1)− P (k)) +
N + N4

N
P (k) = 0

, k

�

k
dP

dk
= −γRAP

�

, P (k) ∼ k−γRA. ,
γRA = (N4 + N)/N ≈ 3, N4 = N40 + 2N .
T. Zhou, G. Yan, and B.-H. Wang, PRE 71, 046141, 2005.
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Geographical SF Nets

Random Apollonian:

� � ,

� �

Delaunay-like SF:

� �
� � �

Delaunay Triangulation:

1st diagonal flip 2nd diagonal flip

= +
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Topological Structure

RA DT DLSF

• 4 �

•

� �

Y.Hayashi and J.Matsukubo, Physical Review E 73, 066113, 2006.
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Degree Distribution

10
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k

P
(k
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RA
DT
RA + NN (one)
RA + NN (all)

RA: power law, DT: lognormal, DLSF(RA+NN):

power law with exponential cutoff NICT NetSci-Seminar – p.18/45



Damages by Attacks

RA

DT

targeted attacks on
16 hubs

Initial N=200
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Randomly Rewired Nets

� � � � �

�

,
�

�

null model

:
:: :

::

:

:

:

:

:
:

:
:

:
:

Rewiring a pair of links with the same degree at each node

Maslov et al., Physica A 333, 2004
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Tolerance to Failures
GC S/N� 〈s〉
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(b) rewired nets

⇒

(RA:©, DT:4, DLSF(RA+NN): +)
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Tolerance to Attacks
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(b) rewired nets

⇒

�

, � �

Y.Hayashi and J.Matsukubo, Physical Review E 73, 066113, 2006.
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3. �
� � ��� �

⇒

�
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f GC S/N
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Hayashi et. al., Physica A 380, 2007

⇒ � � � � �
© 3 % -5 30 %
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�

�

© � � � � �

+ Bl

P (Bl)
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⇒ � � � � � � �

, DLSF ,�

Y.Hayashi, Advances in Complex Systems, Vol.12, No.1, 2009
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4. Muti-Scale Quartered Net

� � �

(a) triangle (b) square

(c) triomino chair tiling (d) sphinx tiling

Y.Hayashi, Physica A, Vol.388, 2009
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�

,� � �

k1 = 2, k2 = 4(Tri) or 3(Squ), k3 = 6(Tri) or 4(Squ).
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Good Properties
MSQ � �

:

• 3 ,
,

O(N)

• t
(the t-spanner with the stretch factor t = 2)

• GPS ,

© ,
,

Y.Hayashi, Physica A, Vol.388, 2009.
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Good Properties
MSQ � �
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�
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�

•
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t
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� �

© ,

� �
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Y.Hayashi, Physica A, Vol.388, 2009.
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Bounded Short Paths
t = 2

� � � � � 2
� �

v1

v2

v3
v4

v5

v0: source

v6: terminal

v1’

v3’

v5’

v5’’
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t-
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Y.Hayashi, Physica A, Vol.388, 2009.
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Opt. Modality
Multimodal net (i = 1, 2, . . . ,M modalities):

ki
def
= k1b

i−1, ri
def
= r1a

i−1, a > 1, 0 < b < 1 ,
bimodal net: k1, k2 =

√

〈k〉N ,

�

M →∞ SF
P(k)

k1 k2 k3

r1

r2

r3

....

.... k

� ,

�

P (k) ?

T.Tanizawa, G.Paul, S.Havlin, H.E.Stanley, Phys. Rev. E 74, 2006
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Opt. Bimodal Net

� GC

� �

� �
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N = 1000, 〈k〉 = 4.882 > 4.54, k1 = 4, k2 = 67.
Insets: 〈k〉 = 3.975 < 4.54, k1 = 3, k2 = 68.

Y.Hayashi, Physica A, Vol.388, 2009.
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Nearly Opt. Robustness
MSQ � � � �
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0, 3, 5, 7, 10, 20, 30 %
N = 1000, k1 = 2, k2 = 4, k3 = 6, 〈k〉 = 4.54

Y.Hayashi, Physica A, Vol.388, 2009.
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BA-like Geo. Net

3 4

5

6

79
10NEW

8

1

(m = 2)

2

0

0’

0"

Πj ∝ d−α
ij × popβ

j × kγ
j

α
� � �

, β

�

� � � �

α = 2, β = 0: Y.-B. Xie, et al, PRE 75, 036106, 2007.
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Visualizations

(a) Original MSQ

(c) BA-like:300

(b) Apollonian

(d) BA-like:033
NICT NetSci-Seminar – p.35/45



Topological Prop.
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�
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�

�

Y.Hayashi and Y.Ono, PRE 82, 016108, 2010
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�

Rand Pop Rand Pop

Net max Bi max Bi max B̄l max B̄l

000 0.254 0.227 0.085 0.081

003 0.766 0.854 0.048 0.087

030 0.362 0.392 0.134 0.180

033 0.657 0.710 0.056 0.099

300 0.282 0.235 0.121 0.121

303 0.444 0.532 0.073 0.107

330 0.397 0.337 0.121 0.143

333 0.634 0.620 0.106 0.072

Apollonian 0.295 0.278 0.056 0.059

MSQ 0.227 0.259 0.137 0.185
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5. Markov chain (u.a.r)
t l

nl(t)

�

(n1(t), n2(t), . . . , nl(t) . . .)

t + 1 l
pl(t) = nl(t)/N(t)

�

,

(. . . , nl(t), nl+1(t), . . .) →

(. . . , nl(t + 1)− 1, nl+1(t + 1) + 4, . . .)

,
� � �

� N(t) =
∑

k nk(t) = N0 + 3t

NICT NetSci-Seminar – p.38/45



Decision Tree

� Galton-Watson
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Equivalent Wave Eq.
l nl(t) = N(t)pl(t)

∆nl
def
= N(t + 1)pl(t + 1)−N(t)pl(t),

= 4pl−1(t)− pl(t).

t N(t) = N0 + 3t ≈ 3t

�

,

(∗) pl(t + 1)− pl(t) = −
4

3t
(pl(t)− pl−1(t)),

Y.Hayashi, IEICE Trans. Fundamentals, Vol.E94-A, No.2, 2011
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Numerical Fitting

� � � � �

� � � � � � � � � �
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Positive Skewness
log t, Skewness ≈ 0.2

(×: Markov chain, �: diff. eq. (∗))
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1. Cascading Failure
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2. Avalanche Dynamics
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