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Abstract

With the rapid advancement of computational capabilities, it has been known
that complex networks such as social networks, communication networks, and
biological systems exhibit Scale-free structures. Scale-free networks exhibit com-
pactness and small-world properties, yet they suffer from extreme vulnerability
to targeted attacks. Therefore, improving the robustness of networks with such
structures is an urgent challenge.

The second smallest eigenvalue (u2) of the Laplacian matrix is known as an
indicator of how difficult it is for a network to be bisected. The reason for this is
that the diffusion equation in a network can be expressed as

dx(t)
— = —Lx(t

U= —Ix()
where L = D — A is the Laplacian matrix, and x(¢) represents the information
held by each node in the network. Additionally, D denotes a diagonal matrix
diag(ky, ko, ... ki, ... ky), where k; is the degree of node i, and each element
of an adjacency matrix A is defined by A;; = 1 if nodes 7 and j are connected,

otherwise A;; = 0.The solution of the diffusion equation for x(t) is given by
N
x(t) = Z Cie Mt ~ Ciu + Che 2'u®?,
i=1

where C; are constants determined by x(0), corresponding to the eigenvectors
ul®. The Laplacian matrix is a non-negative definite symmetric matrix, and since
its eigenvalues always include 0, po is dominant in fast information transmission
within the network.

However, the maximization of uy is NP-hard. Therefore, as a heuristic method
for maximizing po, a method is proposed to add links between node pairs ¢ and j
where the absolute difference |u; — u;| of Fiedler vector’s (the second eigenvector’s
of Laplacian matrix) elements is maximized. Because Aps ~ *|u; — u;| is esti-
mated, where the &+ signs are corresponding to adding and removing links, respec-
tively. However, a relation of ps and the robustness of connectivity is unknown.
Therefore, we discuss the impact of the robustness of connectivity in networks by
maximizing the second smallest eigenvalue (pz) of the Laplacian matrix through
various rewiring strategies.

First, for maximizing uo, we consider rewiring strategies in classical Erdés-Rényi
(ER) random graphs with Poisson degree distributions and realistic Scale-Free
networks with power-law degree distributions. In the rewiring process, new links
are added between node pairs ¢ and j, where the absolute difference of Fiedler

vector’s elements |u; — u,;| is maximized, while existing links are removed between
J )



node pairs where |u; — ;| is minimized. So, there are three different strategies:
“all at once”, “one by one”, and our proposed “the intermediate” as follows.

Second, we emphasize that degree distributions are changeable with other topo-
logical structures such as degree-degree correlations and so on after rewiring.
Therefore, to investigate the pure effect of changed degree distributions on the
robustness of connectivity in eliminating these extra structures including chains,
we consider the randomizations by using configuration model.

Third, we consider betweenness centrality attacks with strong destruction effect

Ost (’l))
StEN o4

where o4 (v) represents the number of shortest paths between nodes s and ¢ passing

in investigating the robustness. Betweenness centrality is defined by >

through node v. As a measure of robustness of connectivity, we use the robustness

N
component when N x ¢ nodes are removed in descending order of betweenness

index R = 22:% (% X i), where S(gq) denotes the size of largest connected

centrality. The R value ranges from 1/N to 1/2, and a larger value indicates
greater robustness.
The results of the simulation conducted above are shown below.

e The intermediate strategy achieved the highest increase in us among the
three approaches.

e The R-value and the variance of the degree distribution (0?) were strongly
correlated, implying that an increase in us resulted in networks with lower

o

e “All at once” generated star-like structures with large hubs, leading to high
0% and reduced robustness.

e The relationship between ps and R was generally positive but not strictly
proportional, suggesting that factors beyond p5 influence network robustness.

Furthermore, we will investigate such properties for other attacks, e.g., uniformly
at random, degree-based, loop destruction, and so on.
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WKLo TREZERTHD, tiXoTCUuVIFENLEY, ZOUH6DIh b,
po 3y M7 — 2 OEREOM S 2R TR L 72 D REAERETE (algebraic con-
nectivity) & IS [28],
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Fio w BT 2 RPEERY bruP id7 4 — K7 -7 bl (fiedler
vector) [28] £ HMEHIND, T T, K262/ — FE14E»rBRE2 1y v T —2
& —RXBIF 20 EERERT, 2y FU—2ZORHER S, J—FES6
TEDYV Y2 ) —FRE S0 11EDY 70y bV —2 OEEEEFED ET
BERYVYI2THY, ZOV V7 2YIMIT2 5y V=R EXATLES
CERMRERIICH)E, ZOrE K/ —FOud EEATAD L, /— FES
627. /J—RBFEB10L 11D uPHDENKEL BoTWB I bbb, ME
25, uHDEF A Y VY — 7 DHEFEEER RO LTIV T 4 ANTH B Z L
BEINTVS [22], Fh. K 2.71E. AIEORIAEXEER Y b7 —2% u®
DEHEDHaxE \uf?) —ul? \ TR = VIEIZIERTAHT Ui a Rd, [K2.7 06,
u® D ENEVER R, FORR) EKIh s v, BELDK IS
ZERRBEBINCOR L, ThBRE, VIAY Y B I SRy NI —TD5
xS HEE LT, u® 0BEREICHE S x, BEMOMENKE VW) — FRY
WV Y7L, BREADHEMEN NI W — RRTEDY 7 2HIBRS 277
EnEzZoNS (K28, 2o =, FFIEAT 20, VY27 2BMT 5
~7D |ul?) — il | BRECE, py OMNECHEEER S,

0.5
0.4 ®

03 °
0.2

0.1 ]

BNEBNY MVEAE

-0.1

<

-0.2 'Y
03 ee®®e®

-0.4

i W i A S 778 910111243314
/—FES

X 26 H2tv FT7—2 () L ZOHE_RNEFRZ bru® fE, H[22] 2
Y N8
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pAES g Vil
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3~ TR RTGES
—_— 1014~ YD -~

BrEY Y ;?A*xq

2.7: u® OEHEM DR |0l — u§2)‘ W2 X5 0)IROBSEEER Ay bV —
2B B Maggtiati, HiBL [29] 72 & HiRdL,

© BISNEBART MW@ OBREICHEV. KES/ — M-z
U>0., BitEE /) — Rk-ifiZlBRELTU DA U D

2
Q@ 1ARFLEFEEARDODUDTAVIIT, uDHEHEND
2

® BEHcNzu®T. OICERD TRID/ — BARTi-jE & k- IRz
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X 2.8: u@ IHE DL, 2y FI—ZOREEHISVIAY Y VI
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pe B REL T B2 THy bT =25 E RV TERS G EL S0 205,
Fy b= NOETDOV ¥ 7 2R LT pu ZRAKCT 28R > 7 2 HRRT
% [E NP W (NP-hard) ZiHA & HDEHECHETS 5 [30, ZZT. NP
e YRR IS BV T T OB 2 FIRFIC# 2 2 JEVERRRIC B W
T, HEZEADyes THDHEHZONE X, ZOMPARBIZIEL VWO E I 2%
THAKEE (O(N*)) THEET % %) NP (Non deterministic Polynomial) [T
DS, —ANCIERIRE (ZIHARE) IS Z2RD 2713V XLDBFEL
BRWEEZONTWAREZTET [31], BAERNICIE, NP K2 REICN LT,
fRERRT 22 TORRERMAASDEEFANDZLEN D 25501, Th
ZH 2 ETRBRIIFEO KBNS T TR RS 2, 207D, EHNLH
RoMEICB VT, HENRENTREREZES Z 2D TH LY, 77
727 ATHIOE I/ NEHE pe i ALT 25082 Y ~ 7 DEEERS. TD NP
REELFEO—FITH 2, ZOMBEICBVWTE, *y N7 —JHNDETDY ¥ 7
DIAEDEEFEL., Zh2iUtT % py OZ(LEFHET 2 RENH 205,
DIEEE Ay bV — 27 OHENKE L BB ICON TR REEPEKART 2, R
2y /= RER ) O 2 BB BT R IR R v h 7 — 2 Tid, BHENR
REPNCETOY ¥ 7 2 T 2 Z LI3HE L RAJRETH 5, 2Dz, NP K
B LTI, 2L OGETIEMRRER TR, EEEZRDZ L 2—
VAT 4y ZRBRTAITVILPEHEHAEING, ZOoD 713V XalE, HEEZH
ZAODOHFERNBEEZRO It ZBIFL TGt 5,

ZIT e 2BAT 22—V RT 4y 7 RFHEL LT, 77727 175
OB IYNEH R bLu® OBEEMOLEE |0 - o | Bk 55 2 — B
7i-j BV 7 ZBINT 5 FE (32 . Z2IhoBBeR/RY T4 YY) v IhEE
RINTWVB [33]s LIRS, ZDOFIEZE RS,
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Stepl : v NI —21XBIF 27777 UATHD py LB _FHEXRZ bru® %
Kbz,

Step2 : FHE_[EH T b LDt DKL) —FR7i-jHEE,
%ﬂ%kﬁ%w$>ﬁ%¢kﬁé/—ﬁ&7%k4%mﬁﬁéo

Step3: ZD¥ X, Step2 THUS L7z i-j BTV ¥ 720300 k-l ICY > 7 03%
B0 k-IEDY > 7 BHIBR LI 22y b Y — 2 OSSR 2 R R
T3, —OTHEMERIIRVIGE, OBRMEERR L, 3 02 TOLKMNEH -
TETHEDIRT,

Step4 : 3 DL TORMEERM-LEZEZ VALY Y U I2ITV, - IV 7%
BIU E-IBoV > 7 ZHIBRT %,

(2) (2)

Step5 : ZOEIEZ VU A XYY 7D M [BITHONS L THEDIRT,

ul? -

La—VURT 4y 7 RJjEE LT, DIRRETIRD ) — FRT -5 IV

y&%ﬁM?é%&\itmk&tﬂfﬂﬁﬁmtaé/—F&7%@uy7%m
Ry 2 FEDNRETH LA L LT, 1 iV T

e

A,U,Q = :I:(uz — Uj)2, (29)

AHED 7B [36], U > 7 DBNEIHT B iy DEALIZZ DY > 7 DRSS — K
Du?® ORTDED_FTHZ I ERT, TI T, £V ¥ 7B EHIERICN
EF 5, R 20BERINC, [u® — u®| A FVBEE R Y b T — 2 DSk
EHBEEZ, ]u;? P BN E VB EIRIEE AT ER SR 5T L Rk
¥ 5.
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2.3 v bo—o0mEE4E

2.3.1 E(IxT ZEEEEIE

BRI LTA Y bV =B OREOHEENZH L TWS 02 EREITRT
BRA RIEEDPRE SN T VWS, I ZTRAMFETHW S, HEEMEE R 1X

<Rz§é<£%zx%>, (2.10)

TEREIND (13, TTTONBAY P7—27D/—F L g=+.%,...,. 55, % =
LIIKBIZ X DREEI N/ — FEOEIE. S(g) ld N x¢fdd /) — RHBKEIZ K-
THREINLFRORKE/HIIICEEND / — FERT, DFED, RIZ/—FK
1 OFOIEFICRET ZEICKD B S(q) DFHEERT, Lzd-T, REEX
I/N2B 1/2 5 ToOHiz e D, REVPRKEWVIZEZD Ry b7 — 7 DI
LTHTHE I ERT, 22T, K29kl LT, 2y b= NDOKEIC
X B mAREE R DN RS, HfRK D FOMBEL FEEMERE RIEZ R L. Z
DEHENRKZWVIZEHEBEESE VAR Y T =27 kD, WEIH L THEER R v
P =20, EBEEICZ VT o ANR ) = RBREIATLES &, —XUTHMr
SNTLED D, mAEMBMENERETT 5 (M 29Dkt F. FKTRLE
v b —=2), W, WEITH U TRy b7 =213 8 HIRRE /) — FHFRE
ENGETH, Bo T3/ — FOIEME L TWB 0, RABERSEIXIE
ERRESI N ) — FBO7ZIZ LT, w30l d 32 (K 2.9 0#EfA, 7R
TRLEAY F7—2), 2O E, mAEMBRITEI 2RI T 5 ¢ @2 —
aL—aYREEFES, ZOEPIEWVIEERBICE > ToliEuci ey b
T—7THBILERNT,

1.0

%% 0.2 0.4 0.6 08 1.0
q

X 2.9: WEIZ & 2 mAGHEAGR T DZEL DB
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2.3.2 WBEAFOM

Gy bT =7 ZREBT B PORREEIZES ) — F2ER L TRALTW
{TEDRIRINC Ay VT —2 23T EZAbNS, DXL/ —Fzh
DT B 7= DI A DR IRR SN TV B0, ARTIE Ay P Y7 —27 D
FEAER I B W THHEICHIBLT 5 7 — MidhED v e Loz v 5,

AR
E:ﬂﬂﬂ, (2.11)

s,teN Ost

TEHRSINDG 34 TIT, 0413/ —F s &t BICHIZ2ETOREREEER
L. 0s(v) IZZN0 DEREAKOFT, /— Ko 22 RERKOMRE T,
IHUMEZRRRE L2E [35] 13, 2y MY = NOBERIGIHE THEBICRKET %
J — FOMERMICRREEINS 20 (K 2.102R). ZoXREBIIH L TEW REY
bOopy MU= 3HEER Ay V=T HEE DD,

JAN
/l —
N N\ /

| N —
I

. AL

N N

[>

B 2.10: BAHOHEBRBOBRAK, BELOKEZH>/ —F (B) BMELANIC
FRESh, v bV -2 oAb,

2.3.3 RBIMDEHRILE Ry T —IEEEDORERME

WA, KDy vV — 27 OEEICESBEEL TWS Z e pPmEIhTtn
% [36], CAVET, WEIHT 2 HEEIEICOWTORRIKIZE ALY SF 2y b7 —
JYER I VAL T IICBESTEYYRA Y o703, GNETFTILE IPA £
TLAEHWTSE 2y VT =7 OXRERHMENOH Y b4 T EREFE, 58
i, Poisson 77, & HIZPRNKE A DIE F THEm AL T 2 X B b DA v
b — 7 R HEEREINCAER LT, KE A a0 BIfRE AT AER. KR
DIEINL X 27— 75 ZIZCHEEEI SN EB3DroTERL (11, 2D
B, RELFETHY VT =2 D puy ZRAICT 2V 94 YY) 7275, mibL
RS RRET2ay 74 F 2L —Ya Yy EFTARBHAL T, ZXETHD
HDZEACTERIEIC G X 2B R FNRD Z 8Ty 1y DEL-HEZ LA EEE IS
5.2 5 B2 IS 5,
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F£35 RBREF;

ARETIE, 3y VI —=2DT7 T T 7 ATHDHE _fH/NEHE 1, ZERKIET 3
VIAXYY Y TRITICHID, 3DODMIEEEZ 5, 3. u TRANLT 271E
& LT, Sydney HMRR L7V T4 YV V7K (33 ICED X, U > 7BMEHIFR
PITORDRID R Y N7 — 21283 pp & u® 23K, u® otz o — u§2)
DENKE & T/ MEIZEEDWTY > 7B HIFRZ M/ [F7Z2 08 0E LTS (K3.1),
22T, u®iF pp BT A R NEBE RS P LERT,

p b uPEEHE p b u® EEHE
¥ ~&

|ui _ u]l ullmin

D » D-X—D
Y73 Y ¥ 7 HlIkR
D§§§\ﬁUﬂ¢/4447

3.1: A TOY VA YV IFE
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3.1 VDAV DIHBORER

FREOIERIETIX, o ZRAETZ2V VA4 YD BV TIE1IARTODY ~
ZEMEHIFRZ M [ DRT, Wbhws RS 72008EZ 5N TER, L
DU S, VI7AXYY) YT E D py DERAIEZIT S BRITIZ W O DEREE 2%
Z BN 5, RFFETITBE IR Z . #7212 2 DDMERE T—F5HkEE ) & THIR
BEEG ) 2E X, 3ODMIRICESS VUL Y Y VI EITS,

1. BREBR - (ERITONTE VI Y VBT, 1ARAT DY V27BN
VY IHIRS 21EE M B#EDIRT, ZOHISICE S VYA Y Y V7T
X o & u® 22V MHEHETZRERD 2720, FEEISAICK S,

2. —iEEER I WHAREED 2 v P —2ZIZBWVWT, VY Z L TWARWETD ) —
RR7IZBT S \ug% - uﬂ REHL, EHEAAEVIEC 1 ATOY V2
BINEITOER M ROV > 7% —FIBMNT 5. Z0%K, 1 ¥ u® 2HE
ﬁu\Uy7brm5@1@/—F&7mzwé@9_¢ﬂ%ﬁmu\@
SHEAVNE VI 1 RV ¥ ZHIREITVERE M AD Y > 27 % —FEIHl
(RS2, COrE 20FFY Y IHIRETS LAy v —2 OuifEtEA %k
HBNBAREMED D 272D, 1KY ¥ ZHIREITIEICH Y 7 —2 DREKHE
FER DS, — PR RMED 28T 5. & L, EEMEAKbALTWESA
FHIBRLZZY Y 2 2RDEL, 20/ — FR7EY ¥ 7 OHREDRINE
W EE D ) — RRTZD Y > 27 2RISR Y LT, EsEtEasfiE s h
2 ETZOBRIEZEDET,

3. PRI : 1DV U A YY) BV THERD I A0 27 28BMLT. [
CEZ TV 2 %EIBT %, 2DV ¥ ZHIBRIZBWT b G5k b 3]
BEMED D 2 728, —FEHIE Tl R 7 e fGEARE 0 2 (R EE 3 2 72 D DI(EZAT
9o ZOMMFEIXY ¥ 7B HIBRDBNZ py & u® ZHEFFE LS c\IK
BE2, 2D, LE—FBIRVIAYI TR cl3@V A4y v
BM =1xclZBT3RERBEET,
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F4F Rk - M\

ARETIX, 3BT 3 DDOHIGICHE S VT A Y Y > FRHRENLSF v
Y= BIUOEMMWRER 2 VX L7 71EHA LT, LRMCiRE I 2L —
> a ¥ % Python @ graph-tool (ff#% A ZH) ZHWTHEEL TITI,

1. 3SDDEIRICEDIKVITAVYIITICED 1 BEDHE : Vo LYY o 78
FIZBI 22y VI —2DF5 757 ATHIOE R/ NEEE p ZHIE L
T, 3 DODHIRICBIF S uy DELE LT 5,

2. po EFRY I —UREDEBEES JUVRASHEAOBERIE:: V1V~
JHRDF Y b7 =218 SR FHES 2 720, BRI DD B E D
MBS VTSR R & B DM o® ZRET 2 28T oy &
F v bU— GG OIS X RGO E DBIREI S TS %,

a2l —yaryTHWESF XY NV =2 ERI VX LTT771&/ — KEBIN =
1000, V278 M =1997 £ L. GNEFIL Y IPA EFAZHAGHLETERL
72o 22T M= () +2x (1000 —3) = 1997 £ 3 DIF/ — F¥im + 1 DL
T LT, t=1,2,3,...,997 DEREZNCH , — 2 1EEML T, #/ —
RLHREEFE, — R m =240 v 7 2R3 EE N = 1000 1272 % £ T D IR
TOTHE, £/ VIAY Y U ZEEUZ M = 1000 [FNIEEE. 100 3> 7
D EIE % B IR 24T 5

VIAXY) Y TDOBIZ, KB me 2NN DOxy T — I ENZELT 52D
T, VIAY Y I7HBDOAy bU—2 (DIBEDHITIX SF : rewire 3 X X ER ! rewire
L RiD) D A RIERHZ 721 Tld 2 DELDBERBKE D L7 D o
HOEZ DD DE-oE D LR, ZDH, VIAY Y 7Dy hT—212
WUTKE OG- IE LS 3MEr 7 &2 afbd2ary74Fal—varE
TNEFEHA LRy b —2 (DIBEDHITTIXSE : config B XU ER : config & 3RiT)
BT3B RIEDRD T, XA HDADEICL 2D LTHIET %,
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4.1 3DOHBRICEDICVTAYITICK B 1, LD
a3,

4.112, 3DODHIZICHE DK BFEVVAY Y YV IRD 1y [EOFHE RS, TRD
4R (SF:initial) ¥ HDAHR (ER :initial) 3V VA4 ¥V U ZHIDSF 2y b7 —
Y ERIZVYRLTZT7DI00Y Y TN EBIT B @z 2 eh KT, il
KD NFNZRS [SF rewire (B> 2)1 ¥ TER :rewire OKf) 1 13V VA4 ¥ Y >~
THEEBRD Ay VT =728 B s HD 100 > 7V, TSF @ config (38) 1 &
'ER : config (f%) ] XV VAXYVY IO RXy bV —21Zary 7 4F¥al— a3
VETNEHEHA LAY P T =228 S up HD 100 ¥ > I e RS, Al
D Nxec) IZBWTI=1, c=1000 25ZXHEME, | = 1000, c =1 D —FEHkNK, =
DI D Z OV DS HEI RG22 3% 5,

SF . rewire (¥'>7) ¥ ER :rewire OKf) OMFICEBNT, [ =2 Te=500D
HFEEREE 23R D o (HZ A B X7z, ZDMHEANE. ER : config (k%) O v bV —
ZIZHALNDEH, ETOHIKIZEBWTER : rewire OK) & AT py DD L
/NEWV, SF config (3R) 1T LTIE, EDEBRIZEWTD 1y 2MFEFR CIEZ R
LTED, SF :rewire (¥ 7) ELHRT po BIEB0ITNEINWIET TR, SF .
initial RER) LD B/PELBRoTVWE, THHDRERD O, py ZERALT 2 HkHE
WE—EIZETYV AV VI3 52 —HEIETD RiITIUE, KEEREIEZ v —
DFTDNVTAY) VT T ERERIETH RN EDHHHL 72, HL., p AL
T AHRIEIENP N#ETH 2720, BELRERE KD 2 Z e BBHER TR L, M
st EFEERAOTV S, DD, ‘u?) —uf)) D—IGEBUCHE DN, 1y D
INEIRIZ X BRI ZER 5, ZORER. VIAY D U TELNZBIIEZ—ED
HENMELETWS D, TN ERE LTEZONDS, T, NHID rewire (¥
Y7 LK) ¥ config (R HRK) D uy BOED S, T UNDER DT
5ZEMAZ B,
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—————— SF:initial SF:rewire I SF:.config
—————— ER:initial ER:rewire  HEM ER:config

0.6 1

0.51

0.4

1x1000 2x500 5x200 10x100 20 x50 50x20 100x 10 200x 5 500 x 2 1000 x 1

Ixc

4.1: VIAX Y 2 THED uy DA

422K 4312, FNFNSF XY VI —PZ 2 ER I VEXLT T 712BIF% 3
DOHIHEDIK VA YV ZEBITNT S py DELERT, SFAY bV —2
TIX, YOHIKICBNTH YT A YV IBT0ON 2 I up [EAEFEM L TV
%, M 4.1DSF :rewire (K 4.1 TOY>Z) & SF :initial (4.1 TOHREE)
B2 up [l 5 b HFAMPIRE NS, LrLENS, ERIVYXLZ T 7T
. BRI (K 4.3 TOHRERE) &1 =27Tc=500 0PN (K43 TOL >
K0, —EEEE (K 4.3 TORR) DADY T4 YV ¥ 7 TIEEF DS py DMK
LTW2, £/, K41D1 =100, ¢c=10251=500Tc= 25T 2 ER :
rewire (4.1 TOFH) FER : initial (K 4.1 TOFR) XD /NS0 py [HZ
RLTWS, ERZ7VYELT T 7I2BWTCE. —BI2UV YA YY) U733 8803%
., RABEEL DD 7 AR RTERI I B WD T o TEDSTRAD LR 588 H %, &
NOHDBEHEDWREZ SRS TDPITOWTIEITHATD 203, py ZIARILT 2 RIED
NP N#TH D, BEBELRREZE LN N—ICELUC & 2 HERESERTH 2 L&
A5,
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0.6

0.5 1
0.4 1
5 034
0.2 1
—— SF:1 x 1000
014 — SF2x500
— SF:5 x 200
SF:10 x 100
SF:20 x 50
0.0 T T T T T
0 200 400 600 800 1000
fterations
0.6
0.5 1
0.4 1
S 0.3
-
0.2 1
—— SF:50 x 20
01 — SF:100 x 10
SF:200 x 5
— SF:500 x 2
SF:1000 x 1
0.0 T T T T T T T T
0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
Iterations

42: SEFXy b —=21ZBF BV 74 YY) Y IEBICNT 5T 7527 T4
D T/ NEEE 1y DE(L, ERD I =1, ¢=100025 [ = 20, ¢ = 50 2B}
%y DELERLT, TR I =50, c=20551=1000, c=1DZFhZFhIZ
W52 py ZALZ RS
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0.6
0.5 1
044
5 0.3
0.2 9
—— ER:1 x 1000
014 — ER:2 x 500
— ER:5 x 200
ER:10 x 100
ER:20 x 50
0.0 T T T T T
0 200 400 600 800 1000
Iterations
0.6
0.5 1
0.4 1
0.2 9
—— ER:50 x 20
01l — ER:100 x 10
ER:200 x 5
—— ER:500 x 2
ER:1000 x 1
0.0 T T T T T T T T
0.0 2.5 5.0 7.5 10.0 125 15.0 17.5 20.0
Iterations

43: ERI VAL I 7B 2V94% ) ZEEIT 2 py DZEL, Lk
M2l =1, ¢ =1000051 =20, c = 501CBIT 2 uy DELERL T, KD
[=50, c=20551=1000, c=1DFNFIIINT S uy ZILERT,
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4.2 &y b7 —UEEOEREE DB

X 4412, 3DODHIEICHK S ZEV VAL YV v IROEEETEE RED D %
R, D REXEHVDIX, SF :rewire (K> %) & SF : config (88) D1l =5T
c = 200 DHEHES, ER :rewire OKf4) ¥ ER:config (%) DI =2Tc= 500D
HIFE RIS & 72 > T\ 5, —7. SF : rewire & SF : config fIZEIT % RIEDZE (K
44D Y7 eEDF%) ¥, ER:rewire ¥ ER : config BicBT % RIEDZE (K 4.4
DHFEREDE) R, BREIELIIMNZB W T config 23 rewire & D REIEXEW
M, ZDEIIDHEDRKE IR,

F7o. K 45120 RIEE po EOHA Z AL L 7K Z2#E %, BORRIIRT
212, RIEE po EOMEFENIEELI L 72 2R LTV 50, filsb e LT —HEENg
WESLYVTAXY )2 (1=1000 c=1) 1Z1 =50, c=20251=500, c=2
DOHFHIRICED SV T A XYY Y TEEXID D iy DREIWVIZD 0D ST, RIA
RO TR /NI WV, ZNHDFENLS, v MY — A OBEMMER -
WZBWT, HFREERIED R D REEZA LI, HL, K 4.1 TEEEEICBWT
config X D rewire DJ7 D3 T/ DEFE pp 23EWVIZH 2200 53, RAEIZ config
DI BENMEFRIZD 2 Z DD, g HERRE TR LIN D ER D REICHE T 5 2
TW3 Z Az 3,

R, pp & REIOHBEREGREK 4.6 12, SNBIOHBEGREEE R 41173, 2
TOMNFNTBNT, py DEPIKREL LBIZON, REDKEWVHEHNCH B, /-,
E LB DMHBIREED & py & R ENTIEEEWIEDERED D 2 Z e 3L 720 —
Ji. SF @ config (35) @ py e RIEDODHOMEAZ BT 2 &, B2 2% X
BZVIA4XV YT TD poBHEHDZLLTOARWIZH 22D 6T, RIETIIHES
BICEDRALNE, CNLDOFEREZT DD . 1y & RENIIEHIEAFRTIED
B0, po LAVDERD, RIEICHELZGZTWSZEMAZ 5,
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------ SF:initial SF:rewire Il SF:config
—————— ER:initial ER:rewire I ER:config
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0.00 -

1x1000 2x500 5x200 10 x 100 20 x50 50 x 20 100 x 10 200x5 500 x2 1000 x 1

Ixc

4.4: VI A4YX Y 7RO RIEDIH, RO (SF:initial) & F O (ER:
initial) I ZZNZFHRVTA XYYV THIDSF 2y VI =P ERTFVRLTTTD
100 %> PGB 5 pp B2 KT, ISF rewire) & TER :rewirel 3V 7 A4
YV YTHEORY FT—=2IBIT S up HD 100 ¥ > T, TSF : configl &
'ER : config] TV VAYY IOy Y —=21Zary 7 4Fal—YarET
NEFEH LRy VT —21281F % p D 100 3> SRR T,

--- SFinitial SF:rewire W SF.config = SF:initial SF:rewire Il SF:config
------ ER:initial ER:rewire I ER:config ----- ERtinitial ER:rewire B ER:config
,——N\\ 06 PrLTN
035 4 ~ 7’ S
4 o 4 ~
05 ~
/ So 7 ~
030 ~
'l S / AN
~ 1
0251 f ~ 04 i So
~ ~
1 ~ 1 ~
0201 [ N . Q N
oz 0 o3 T ~
1 S ~ ] ~
~
0as4 | ~ 1 [ o
T ~ 02 N
R 1 N
01041 ~ I h N
! 01
0.05 I I
0.0
1x1000 2x500 5x200 10X 100 20 x50 50x 20 100X 10 200x 5 500x 2 1000 X 1

1x1000 2x500 5x200 10x 100 20 x50 50x20 100 x 10 200 x5 500 x 2 1000 x 1

Ixc Ixc

4.5: RIEE pp fEOHM 2 B D [iR TRl L L 71X
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SF:rewire A SF:config
ER:rewire A ER:config

0.40

0.35

0.25

0.20

0.10

0.05

> >

(4442 »

0.00
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0.1 0.2 0.3 0.4 0.5

H2

4.6: uy & R DHHEIX

£ 4.1: X 4.4 DHEAREK

rewire | config
SE | 0.92 0.91
ER | 0.85 0.89
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4.3 REPHP(k) DE1L

X 4.7 2 4.212, V7 A ¥V > JHi (initial) & FHEEICEDS VDALY 7
BDSF Ay NI =2 ER 7YX LT T 712812 REDHDTEUE 0 27T,
¥z, BOSRT o EOZEMERAZ RS, BEARMNZRZE(LoMEme LT, SF4v b
T — 7128 BRI D 0 DE(LIZ, initial 225 [ = 5. ¢ = 200 X5 TREA
Lo l=5. ¢=2002561=1000. ¢ =1 T¥WIMLCW3, £/-. ER 5~
RIT T 7B B XD o? DZEGI initial 225 [ = 2, ¢ = 500 1Z21F T
DU T=2. ¢=500051=1000, ¢c=1IZHPIFTHEMLTWSE, 22T, K45
DOREEMEFERE R 5 & 55 R/ NEEME 1o 1B 2ZE(LEA L T 2 2. (45) @
ZtD K 4.7 DELDBBMICERICH 3 Z L BRERNCH» 5, s
5. RIEPEVWR Y b7 =7 R o2 lHED/NE L, py ZRAIET 2 2 & T o? D/
XL BAEAPALND, ZOMERIZ. BRE LSBT RIS 7 VK L
L7zt y b —=212BWT, o? HIVNIWEE RIENE L 725 Z & /R L7725
11 Z2XKT2dDTH 5,

HL, SHEDOV YA YY) 7O LT, —HE#IE (1 =1000, c=1) &kt
BRI 1o (ETH 205, EHIEDOHF T RIEIZRIKEEZ,. o2 3REEZRLTWY
%o ZAUI. VIAXY VBBV 7BIMT S — FR7EEIR, HHEB
TRNEEARZ bl u® NIV — F e A u® K EW ) — RORT HE
B30, iRy b —212B0WTu® P my/PhEI W/ —FE2EARNTE L
TEREHEEN VALY D ACEDERINTWEEEZIONE, ZIZT, X438
X 49K HIICBII 2V A YY) ROy VT =T DRI RS o
EDFIHAAR v b7 —2 (SF:nitial, ER:initial) & D @Ry b7 —271%, X
DIMEIN U AT DR T o TV B Z K 4.8 £ L X 4.9 FEd RERNTH
M5B, W, —fEHEEI TRy b =2 DREIM (BEDOFHR) BAT
AL, MO LD HIFFITRERIE (k) ZdD/ — ARSI TWE T
» (M48FH XK 49HFDKI) . 2 BIREEICKRZ EZ NS, T2, BF
Mg lX, BB TERNTDREBIETHREZ N, 1y VT = BBEZIH
WIXNTLES 2D, K 441177 &5 IC—HEEIBICB T 2 REXREMEICKR S
EEZbND,
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4.7: 100 N EED K R D EUE 020 RO MR THEOERZ., RO SR
CEDREBIZENZENSE £ ERIZEBIT 3 o2 ORREEZ R T,

£ 4.2: 4.7 DF o2 B
I X ¢ |initial | 1 X 1000 | 2 X 500 | 5 X 200 | 10 X 100 | 20 X 50 | 50 X 20 | 100 X 10 | 200 X 5 | 500 X 2 | 1000 X 1
SF 27.98 24.98 17.44 13.00 15.15 19.36 32.71 54.29 97.11 220.61 686.88
ER 3.22 2.90 1.06 1.81 3.48 7.50 21.69 46.34 95.78 241.76 640.87
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100 ¢ ‘ ‘ ‘ SFinitial
f . SF:1x1000 . |
SF:2 x 500
SF:5x 200 .
SF:10 x 100
SF:20 x 50

P(k)

SFinitial

SF:50 x 20

SF:100x10 — . °
SF:200 x 5
SF:500 x 2
SF:1000 x 1

X 4.8: SF 4y b7 —2Z1ZBIT2V 94 YY)V IHi e 2EISICHES VLYY >
TIOR3, EXDY 74 YV > 7Hi (SF @ initial) & =1, ¢ = 100055
=20, ¢c=50FTD, HFXHSF :initial £ 1 =50, ¢=20251=1000, c=1

FTORBAHIIHIE L TWS, EB5DORBMEHNETZ 7 Th 5,

10° ER:initial
ER:1 x 1000 — .
ER:2x500 .
ER55x200 .
101 F ER:10 x 100
ER:20 x 50
102
P(k)
10
\ \
10 \ \\
\ ;\\ —_ X5
A\@abﬁﬁu\
10°
0 5 10 15 20 25

k

5
10 100

ER:inifial .
ER:50 x 20
ER:100x 10 . °
ER:200 x 5
ER:500 x 2
ER:1000 x 1

X 4.9: ER 7YX L7 7 712BF2)V74Y) V7R 2EIEBICE S VYA Y
) Y B, ERAY YA YV 2 ZHi (ER :initial) ¥ 1= 1. ¢ = 1000
o1 =20, c=50FTD, AXDER : initial £ | = 50, ¢ = 2025 [ = 1000,
c=1FTORBADAEIIIE L TWD, HL, EKNGHF T T 7, ARIEFExTE

777 THb,
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KT, 77727 ATHDE _F/NEEE py ZEARILT 28D ) 7 A
YUY AEEZ T, ARSI 2L —2ar{Tolke A, IFNOFER
1577,

o W BRAILT RV IAYY U TBNT, K TEZ - TR, [—
FEHREE . THRRERRE ) O TR D u EZERKIC L0 THREHE ) o5&
DLV IAY Y ITFETHo 7, HIHNC, ERT VR LT T 71280 T
E—EIZVUAY Y VI TEABDZ L. RIRFEE DD 7 kg 12 B0
T po TR D LR S A ST,

o TEEMEFEIE REH & KE A D 7T HUE o? I3 IMEOELEHEI LTED,
Lo 2B EXBZVTAYY VAT EoT, a2 BN WKEG i " DO Sy
b — 2T BEAD A STz, DI e, EEEL X R K
WS SR Lz0y BT —2Z12BWVWT, o [HR/NEWEE RED EW
SRR e BE T 5, HISENC, —HBEIETIZY A4 YV 7012 KD py 1d
M LT 20, BERNT 2L OERBEENERINTLED 120D, o2 HIZIEF
WRELRD, RIEPERDIK KRS,

o Ly &4y MU —ZHEE OB R EIIZEWCIEMERES AN, O
i BB ENSY VT — 7D HE BRI TR, Fy b —
7 2ROFEERILICHEG T2 Z e BHLICR -T2,

SHOFEYLY LT, SFXAY VI —2Z 8 ER I VR LY T 723 THL. MBI
IR X BT i b DOy VT =2y BRAILT RV VA Y Y V7%
HWHLT, ORI 2L —2a ryARERLS LAk, 72, HEAF0
MIREIZNF TR, KBOEW S — FZ2EL LU TREST 2 7 DODHERE Y VvWo
TMOWBIC BT ZHEENEZFAET 2 2 b SKROFEL LTEZI OGNS,
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{JE8k A graph-tool Df#sH

graph-tool 1%, 77 I NVHED X v b7 — 7 REEISEHE TH % Tiago P. Peixoto
f&it: (Central European University, Hungary) 2 & - CTHIFE X7z, Python B
THIHRBER Y VI —=2 03574 770V THB (1], *v FI—=24K, /—F
RV 27 OENM - HIBR, il Vo TREARBIEICTNZ T, 77 2% ) 7 FES
HUDMEDHNE., BRSO R Y, BIEWIEREZ A T\ 5,

graph-tool AAMZH . Python BRBETD Ay b =I5 4 77V & LTI
NetworkX[2] 2"H%TH D, WMFFHIZ KRy bV —JFZHIE LTW5, 2D
DI7ATITVETRELER S L LT, NetworkX 234 T Python 56 Catih X
NTVBDIZH LT, graph-tool DEFFHEIL—F V1 C++FiETHEIR TV S,
—MEEZ, CH++1 Python & b L@ HE= A3, ML EICENR T WS 720,
graph-tool 1% NetworkX \ZLERTIFFICEEREBE D AIRETH 5, EFBRIZ, graph-
tool DAY A M E X LTV B graph-tool DRy b T =T 5¥ o4 75
VT OMEE 3] (K A1) Z1To7z& T A, graph-tool BSERIRYICEET D
52 EDREINT VWS,

IS DEHN? S, graph-tool 13D Python iIZBIF 3%y b= 5o 4 7
Z VAR, KR Ay bT =20 T2l —2 a Y ERIRINCHEITTE
5728, ARIFFETIEFEI graph-tool ZFHHW TS I a b —> a Y &21To 7z,

Algorithm graph-tool (16 threads) graph-tool (1 thread) igraph NetworkX
Single-source shortest path 0.0023 s 0.0022 s 0.0092 s 0.25s
Global clustering 0.011s 0.025 s 0.027 s 7.94s
PageRank 0.0052 s 0.022 s 0.072's 1.54s
K-core 0.0033 s 0.0036 s 0.0098 s 0.72 s
Minimum spanning tree 0.0073 s 0.0072's 0.026 s 0.64s
198 s (vertex) 10297 s (vertex)
Betweenness 102 s (~1.7 mins) 331 s (~5.5 mins) +439 s (edge) 13913 s (edge)
(~ 10.6 mins) (~6.7 hours)

Al: A7 VEDRT —~< > AR, HHBREE Intel(R) Core(TM)i9-
9980Hk CPU @ 2.40GHz, [3] % 5 #5ik,
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[1] https://graph-tool.skewed.de/
[2] https://networkx.org/

[3] https://graph-tool.skewed.de/performance
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(F8#B VY—X1—F

Listing B.1: #2774 75V —&
from graph_tool.all import *
import graph_tool.all as gt

import scipy as sp
import numpy as np
from tqdm import tqdm

S Ot s W N

import os

Listing B.2: 775 ¥ 7 T80 R/ MEAME L B _/NEF X7 PLOREH

1 def no_normalized_laplacian(g):

2 L = gt.laplacian(g)

3 L_sparse = sp.sparse.csr_matrix(L)

4 eigenvalues, eigenvectors = sp.sparse.linalg.eigsh(L_sparse, k
=2, which=’SM’, maxiter=100000)

5 return eigenvalues[1], eigenvectors[:, 1]

Listing B.3: v NV — 27 OFRAHEREK D 2T 5
def max_component (g) :
1 = gt.label_largest_component (g)
gt.GraphView(g, vfilt=1)
sum_u = u.num_vertices()

u

gt W N =

return sum_u
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Listing B.4: BB T 3 u® it ZLnRAD ) — FR7 OEE

1
2
3
4
5
6

N

10
11
12
13
14
15

16
17
18
19

20
21
22
23
24
25
26

def max_abs_fiedler(fiedler_vector, g):

# 74— RK7—RZ7 MLVERITHA . L THYS 1

fiedler_vector = np.array(fiedler_vector)

# ZTHOFHE (Ifiedler[i] - fiedler[j) 11
diff_matrix = np.abs(fiedler_vector[:, None] - fiedler_vector
[None, :])

# BHEITY 2 B

adjacency = gt.adjacency(g) .toarray()

# Ty IVRV — FRTODBEZNRETZ7 41K
mask = (adjacency == 0) # BEEL TWZRW/ — FR7 D True

# TN~ R 7 % EH
diff_matrix[“mask] = -np.inf # T v UDBTFET S H7 3R {boo
D)

# WAL ZDA VT v 7 22 HUS

max_diff = np.max(diff_matrix)

node_pair = np.unravel_index(np.argmax(diff_matrix),
diff_matrix.shape)

np_tuple = (node_pair)

# A OPython DRI AR T N ITE
python_tuple = tuple(int(x) for x in np_tuple)

return python_tuple
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Listing B.5: ZEXEHNC BT 2 u® DM ZEIRIND 7 — RR7OEE (HL. BR
R X D EREEEZ RS U > 73R

1
2
3
4
5
6

o

10
11
12

13
14
15
16
17
18
19
20
21
22
23
24

def min_abs_fiedler(fiedler_vector, g, removed_edges) :

# 74— RK7—R7 MLVERITHA & L THS 1

fiedler_vector = np.array(fiedler_vector)

# 77270y YRAMeRIE (HIFRX -2y D3R
edges = [(e.source(), e.target()) for e in g.edges() if e not
in removed_edges]

# TYPVRINRS /) —FRTDA V7 v 7 A% Hi
node_pairs = np.array(edges, dtype=int) # 7 — XAZHH/RAYIC
BN E

# BTy BT 2 — FRT7OEDZFHE
diffs = np.abs(fiedler_vector[node_pairs[:, 0]] -
fiedler_vector [node_pairs[:, 1]])

# RNETENINT 5 — FR7 2HUG
min_diff_idx = np.argmin(diffs)

min_diff = diffs[min_diff_idx]

node_pair = tuple(node_pairs[min_diff_idx])

np_tuple = (node_pair)

# JHE OPython DEEEL X TN EH
python_tuple = tuple(int(x) for x in np_tuple)

return python_tuple
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Listing B.6: —fHH#kES ¥ ARRETERESIC BT 2 u® Ot 2K & WIEIZ kED 2 — F
R7 % HS

1 def top_k_max_abs_fiedler(fiedler_vector, g, k):
) 7 4 R5—R7 MLDESHKZVIEIZHEA
3 k D/ — FR7 ZHUE

4 non

5 # 74— F7—_Z7 MLERITEY . U TEUS 1
6

7

8

9

fiedler_vector = np.array(fiedler_vector)

# ZO1THIDFE (Ifiedler[i] - fiedler[j) ]|

diff_matrix = np.abs(fiedler_vector[:, None] - fiedler_vector
[None, :]1)
10
1 # BERATAI 2 UG
12 adjacency = gt.adjacency(g) .toarray()
13

14 # Ty IDPIRN — FRTDBENRET LT 4 V&
15 mask = (adjacency == 0) # B L TR/ — FR7 D True

16

17 # ZO1THNC~ R 7 %

18 diff_matrix[“mask] = -np.inf # T v PDTFET BH7 13RI {boo
)

19

20 # =M1 DA NRICT 5 (EEDRR)

21 triu_indices = np.triu_indices_from(diff_matrix, k=1)

22 valid_diff_values = diff_matrix[triu_indices]

23

24 # REWVIEICk DA > 7y 7 A2 IS

25 top_k_indices = np.argpartition(valid_diff_values, -k)[-k:]

26 top_k_indices = top_k_indices[np.argsort(valid_diff_values[
top_k_indices]) [::-1]]

27

28 # ATy ARIITUCRL, / — FRTITEH 2

29 node_pairs = [(triu_indices[0] [idx], triu_indices[1] [idx])
for idx in top_k_indices]

30

31 return node_pairs
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Listing B.7: —fG#kEE & FR RIS IS 31 2 u® Ot NS WIEIZ kHD 2 — K
R7 & g

1 def top_k_min_abs_fiedler(fiedler_vector, g, k):
9 g 4 — RS —R7 ]\}]/0)%63\73)§/J\é L\J”E\&:%/J\
3 k fHD/ — FR7 ZHIS

4 nnn

5 # 74— F7—_Z7 MLERITEY . U TEUS 1
6

7

8

9

fiedler_vector = np.array(fiedler_vector)

# 77701y YAMeRUG (HIFRX N7y D3R
edges = [(e.source(), e.target()) for e in g.edges()]

10

1 # ) — F/\")?@ﬂlﬁr%%ﬁ UNEW) — FESHITKD L 512
Y —h

12 edges = [tuple(sorted(edge)) for edge in edges]

13

14 # BEEZ PR

15 unique_edges = list(set(edges))

16

17 # BIy JITHMIET 5/ — FRTDEDSZFE

18 node_pairs = np.array(unique_edges, dtype=int) # 7 — 2Bl HH
AN NN Gl o 1

19 diffs = np.abs(fiedler_vector[node_pairs[:, 0]] -
fiedler_vector [node_pairs[:, 1]])

20

21 # /PEWVIEIZK [HDA > Ty 7 A% S

22 top_k_indices = np.argpartition(diffs, k) [:k]

23 top_k_indices = top_k_indices[np.argsort(diffs[top_k_indices])
]

24

25 # AT VI RAMPE ) — FRTITEH

26 top_k_node_pairs = [tuple(node_pairs[idx]) for idx in
top_k_indices]

27

28 return top_k_node_pairs
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